Abstract. We give a new proof of the Genauer fibration sequence, relating the cobordism categories of closed manifolds with cobordism categories of manifolds with boundaries. Unlike the existing proofs, it is of combinatorial nature and generalizes to other cobordism categories of interest. Indeed we argue that the Genauer fibration sequence is an analogue, in the setting of cobordism categories, of Waldhausen's Additivity theorem in algebraic K-theory.
Introduction
There are various reasons to investigate cobordism categories of mathematical objects which cannot be decomposed using transversality. The following examples are under current investigation:
(i) The h-cobordism category [11] , (ii) Cobordism categories of manifolds equipped with a metric of positive scalar curvature [2] , (iii) Cobordism categories of Poincaré chain complexes, and generalizations thereof [5] , (iv) The cobordism category associated to a Waldhausen category [10] , whose homotopy type has been shown to agree, up to degree shift, with the algebraic K-theory from [15] . The homotopy types of these cobordism categories are not known to be described by Thom spectra, and can hardly, if at all, be computed. For this reason, it is important to have theorems available that at least compare the homotopy types for various inputs. This program has been successfully implemented in algebraic K-theory, where Waldhausen's additivity theorem [15] is probably the most fundamental theorem of this kind.
In this paper we formulate and prove a "local-to-global principle" designed to produce homotopy fiber sequences of cobordism-like categories, and hence long exact sequences on their homotopy groups. Roughly, it states that under certain assumptions, pull-backs of a functor P geometrically realize to homotopy pull-backs; the key assumption here is that morphisms in the target of P can be universally lifted through P in a specific sense, formalized by the notion of cartesian and cocartesian fibration.
Then we apply this local-to-global principle in the setting of classical cobordism categories cob d of [3] and its version with boundaries cob d,∂ of [4] (actually, possibly with higher corners and theta-structures, see section 4). It will turn out that in this case we recover the following theorem, due to Genauer [4] : Theorem 1.1. There is a homotopy fibration sequence of cobordism categories
where the functor ∂ takes the boundary.
In his proof of this result, Genauer first determined the homotopy type of the middle term of (1.2) in analogy to the computation for the left and right hand term of [3] , and the fibration sequence follows from the fibration sequence
of Thom spectra from [3, (3.3) ]. In contrast, our method does not yield, nor require, knowledge of the homotopy types of any of the terms in the fibration sequence.
A virtue of the local-to-global principle is that it has interesting consequences in all the situations (i) to (iv) considered above. We will use it in [5] to relate cobordism categories of Poincaré chain complexes with the algebraic K-theory of the underlying ring; it will also be shown in that paper that in the setting of (iv) we recover, from the local-to-global principle, Waldhausen's Additivity theorem, at least in many cases of interest. This leads us to the slogan that "Genauer's fibration sequence is the analogue of the Additivity theorem in the setting of cobordism categories".
In joint work with George Raptis we aim to use the local-to-global principle to continue our study of the homotopy type of the h-cobordism category and its relation to algebraic K-theory, initiated in [11] . Finally, as Johannes Ebert informs me, it will follow from [2] that the local-to-global principle also applies in the context of (ii), in which case it compares the cobordism category of p.s.c. metrics with the usual one; and that the authors of that paper have come independently to the conclusions of the local-to-global principle, in this specific situation.
I am grateful to Thomas Nikolaus for pointing out to me a generalization of the local-to-global principle, in the setting of simplicial sets, that implies Quillen's Theorem B (see Theorem 3.5).
The local-to-global principle
Let us now formulate the local-to-global principle, first in the setting of (not necessarily unital) topological categories. A more general version for semi-Segal spaces will be given afterwards. It will be derived, in the next section, from an analogous statement in the setting of simplicial sets which we formulate at the end of this section.
A morphism f : c → d in a (non-unital) topological category C is called an equivalence if for any t ∈ ob C, the maps
are weak homotopy equivalences. A topological category is weakly unital if any object is the source or the target of an equivalence. (This is equivalent to the condition that any object c allows a weak unit, that is, an equivalence u : c → c such that u • u u in C(c, c), compare the proof Lemma 3.9 (iv). A (continuous) functor F : C → D between weakly unital topological categories is called weakly unital provided F preserves equivalences (equivalently, sends weak units to weak units). A unital category is weakly unital, because then the identity map on an object is a weak unit; similarly a unital functor is weakly unital, because any weak unit of c is homotopic to id c in C(c, c).
Definition 2.1. Let P : C → D a continuous functor.
(i) P is a level fibration if it is a (Serre) fibration on each level of the nerve.
(ii) P is a local fibration if both maps
are fibrations. C is locally fibrant if the unique functor C → * is a local fibration, that is, if the source-target map
is a fibration. (iii) A morphism f : c → c in C is P -cartesian if for all t ∈ ob C, the following commutative square is a homotopy pull-back:
(iv) P is a cartesian fibration if for any morphism g : d → d and any c ∈ ob C such that P (c ) = d , there is a P -cartesian morphism f : c → c such that
Remarks.
between morphism spaces are fibrations. (iii) If C and D are dicrete and unital categories, then the above notion of (co-)cartesian fibration agrees with the usual notion of (co-)cartesian (or Grothendieck) fibration.
be a diagram of weakly unital, locally fibrant topological categories and weakly unital maps. If P a level, cartesian and cocartesian fibration, then the pull-back diagram
geometrically realizes to a homotopy pull-back diagram of spaces.
Here D × D C denotes the pull-back in the category of topological categories, explicitly given by the pull-back on object and morphism spaces. The condition on weak unitaly cannot be dropped, as can be seen by taking P the functor ∂ : cob d,∂ → cob d−1 in Genauer's sequence, and D ⊂ cob d−1 the subcategory consisting all objects and no morphisms.
It requires some care to make the composition operation in the cobordism category strictly associative, and for many perspectives it is easier and more natural to view the cobordism category as a semi-Segal space. Definition 2.3. A semi-Segal space is a semi-simplicial space C that:
is a fibration, and (ii) satisfies the Segal condition that for each n, the Segal map
into the n-fold iterated pull-back is a weak homotopy equivalence.
A map of semi-Segal spaces is, by definition, a map of the underlying semisimplicial spaces.
We identify a topological category C with a semi-simplicial space, via the nerve. With this convention, a locally fibrant topological category is a semi-Segal space, with the Segal map being a homeomorphism.
Next we define a notion of P -(co-)cartesian morphism in a semi-Segal space C. For σ ∈ C k and n ≥ k, we denote by C n /σ the homotopy fiber, over σ, of the map C n → C k sending an n-simplex to its last k-simplex. With this notation, we define:
is a homotopy pull-back square. P is called cartesian fibration if for all g ∈ D 1 and all c ∈ C 0 with P (c) = d 0 (g), there exists f ∈ C 1 such that P (f ) = g, which is P -cartesian. P is called cocartesian fibration if
If C is a locally fibrant topological category, then C 1 /d is the space of all morphisms in C ending at d; also C 2 /f is equivalent to the actual fiber of C 2 → C 1 over f , which agrees with the space of morphisms ending at c; it follows that the upper horizontal map in (2.5) models composition by f and P (f ), respectively. It results from this discussion that if C and D are locally fibrant topological categories, then our new definition of P -cartesian morphism is equivalent to the old one. Definition 2.6. Let C be a semi-Segal space and f ∈ C 1 . Then f is called equivalence if it is both P -cartesian and P -cocartesian, for the unique map P : C → * to the terminal objects. C is called weakly unital if every c ∈ C 0 is the source or the target of an equivalence; a map of weakly unital semi-Segal spaces F : C → D is called weakly unital if it preserves equivalences.
Again if C is a locally fibrant topological category, then this definition agrees with the old one. Hence the following Theorem is a generalization of the local-to-global principle for topological categories as stated above. 
realizes to a homotopy pull-back diagram of spaces.
Finally, we give a version of the Additivity in the context of simplicial sets. Recall that a map p : X → Y between simplicial sets is called an inner fibration if for every n > 1 and every 0 < i < n, every solid diagram
) has a dotted diagonal lift, provided i = n > 1 and the last edge of σ is f . p is a cartesian fibration if it is an inner fibration and if for every g ∈ Y 1 and any lift c of d 0 (g) through p, there exists a lift f ∈ X 1 of g through p such that d 0 (f ) = c; dually p is a cocartesian fibration of p op is a cartesian fibration.
Theorem 2.9 (Local-to-global principle, simplicial set version). A cartesian and cocartesian fibration P : X → Y between simplicial sets is a realization-fibration; that is, for any map Y → Y of simplicial sets, the pull-back diagram
3. Proof of the local-to-global principle 3.1. The simplicial set case. The proof in the simplicial set version is an easy combination of two well-known results, the first of which says that simplicial (forward) homotopies may be lifted along cocartesian fibrations. 
the map F 0 sends any edge (j, 0) → (j, 1) (for j ∈ J 0 ) to a p-cocartesian edge, then there exists a dotted lift F which keeps the diagram commutative, and which in addition sends any edge (i, 0) → (i, 1) (for i ∈ I 0 ) to a p-cocartesian edge.
Proof. By induction and a colimit argument, it is enough to consider the case where J → I is the inclusion of ∂∆ n into ∆ n . If n = 0, then such a lift exists by definition of a cocartesian fibration. If n > 0, then this is [8, 2.4.1.8].
For P : X → Y , and a simplex σ :
Corollary 3.2. Let P : X → Y be a cocartesian fibration of simplicial sets. For any simplex σ in Y , with last vertex (σ), the inclusion map
geometrically realizes to a weak equivalence.
Indeed, a simplicial homotopy inverse is obtained by lifting the standard simplicial homotopy ∆ n × ∆ 1 → ∆ n that collapses the n-simplex to its last vertex, where n = |σ|. Corollary 3.3. Let P : X → Y be a cartesian and cocartesian fibration of simplicial sets. Then, for any simplex σ of Y , the maps induced by inclusion of the first and last vertex respectively, X| i(σ) → X| σ ← X| (σ) realize to a weak equivalence.
Thus, the simplicial version of the local-to-global principle follows from:
Lemma 3.4. Let P : X → Y be a map of simplicial sets such that for each simplex σ of Y , the inclusion maps
Proof. This follows readily from [15, Lemma 1.4.B], which Waldhausen deduces from Quillen's Theorem B. We find it more transparent to give a direct proof as follows (see also [12] ): It is enough to show that for each y ∈ Y 0 , the inclusion of the fiber X| y into the homotopy fiber is an equivalence. To see this, we consider the filtration of Y by skeleta Y (i) , and the induced filtration on X by
.
. . Y
The first square is homotopy cartesian, and by a colimit argument (see [13, 1.8] ) it is enough to show inductively that if the first n squares (n ≥ 1) are homotopy cartesian then so is the next one. To see this, we write the map X (n) → Y (n) as the induced map on horizontal push-outs in the following diagram
It is then enough to show that both squares are homotopy cartesian (see [13, 1.7] ). By the inductive assumption, we have already shown that the right vertical map is a realization-fibration for pulling back to simplicial sets of dimension at most n − 1, so that the right square is a homotopy pull-back. For the left square, we argue in each summand separately and denote by ∆ 0 → ∆ n the inclusion of either the left or the last vertex. In the diagram
the total square is homotopy cartesian by assumption and the left one again by induction hypothesis. Since every component of ∂∆ n contains either the first or the last vertex, this proves that the right square is also homotopy cartesian.
We close this section with a remark on the relation of this simplicial version of the local-to-global principle to Quillen's Theorem B. I am grateful to Thomas Nikolaus for pointing this out to me.
By Corollary 3.2 we may define, for each 1-simplex f : c → c in Y , a fiber transport
if p is a cocartesian fibration; dually a fiber transport
if p is a cartesian fibration.
Theorem 3.5. Let P : X → Y be a map of simplicial sets. Suppose that P a cocartesian fibration, such that for each 1-simplex f in Y , the fiber transport f * realizes to an equivalence. Then, P is a realization-fibration.
Of course, the same conclusion then holds if P is a cartesian fibration, such that all fiber transports f * realize to weak equivalences; for the dual of a realizationfibration is again a realization-fibration.
The proof of this Theorem consists in noting that the inclusions Y | f (σ) → Y | σ are equivalences (by Corollary 3.2), but also for each 1-simplex σ of Y , the inclusion Y | (σ) → Y | σ is an equivalence (by the hypothesis on fiber transport). But this still implies the statement of Corollary 3.3, so that we may apply Lemma 3.4 just as above.
Theorem 3.5 implies Quillen's Theorem B [9] as follows: For an arbitrary functor F : C → D between ordinary categories, we form a new category F/D as the pullback category 
so that it becomes homotopy-commutative after realization. Therefore, for each object d of D there is a fibration sequence
which is the conclusion of Quillen's Theorem B.
3.2. The semi-Segal case. We deduce the semi-Segal, and hence the topological version of the local-to-global principle from the simplicial one. The main input is the existence of simplicial structures from [14] . (Note that the free addition of identity morphism, while preserving the homotopy type of the classifying space, usually does not preserve (co-)cartesian morphisms.) We start by recalling the concept of a Reedy fibration.
For a semi-simplicial space X, and a semi-simplicial set A, we denote
where the limit runs over the category of simplices of A, in the semi-simplicial sense. An equivalent description of X A is the mapping space from A to X, that is, the set of natural transformations A → X, equipped with the subspace topology of n map(A n , X n ). With this notation, the canonical map X n → X [n] is an isomorphism, which we will view as an identification. (Here, and throughout this section, we denote by [n] the semi-simplicial n-simplex (i.e., presheaf represented by [n]). Definition 3.6. A map P : X → Y between semi-simplicial spaces is a Reedy fibration if for all n, the map
is a fibration. X is Reedy fibrant if the map to the terminal object * is a Reedy fibration.
It is easily seen that the class of Reedy fibrations is closed under composition and pull-back. Also, the standard techniques show that if P is a Reedy fibration, then for all inclusions of semi-simplicial sets A → B, the induced map
Lemma 3.7. Any map P : X → Y can be factored into a level equivalence X → X f , followed by a Reedy fibration X f → Y .
Proof. If P : X → Y satisfies the Reedy condition up to simplicial degree n − 1, then we define a new semi-simplicial space X as follows: Choose a factorization
of the Reedy map where i is the a weak equivalence, and p is a fibration. Letting X k := X k for k = n we obtain a new semi-simplicial space X ; i and p induce semi-simplicial maps I : X → X and P : X → Y whose composite is P . By construction, P satisfies the Reedy condition up to degree n. Now the claim follows by doing this construction iteratively, starting at n = 0, and taking the colimit.
The following result states the applying Reedy fibrant replacement does not destroy the hypotheses in the local-to-global principle.
Lemma 3.8. Suppose that P : C → D and P : C → D are maps between semiSegal spaces that are related by a compatible zigzag of level weak equivalences.
(i) If P is a weakly unital map of weakly unital semi-Segal spaces, then so is P . (ii) Suppose that P is a Reedy fibration. If P is a cartesian (resp. cocartesian) fibration, then so is P .
Proof. For a map of semi-Segal spaces P : C → D, denote by C P −cart 1 ⊂ C 1 the subspace of P -cartesian morphisms, and by C 1 ⊂ C 1 the subspace of equivalences. From the definitions, it follows:
(a) The subspaces C P −cart 1
and C 1 of C 1 consist of entire path components.
and C 1 (C ) 1 . Let us now show (i). If C is weakly unital, then d 1 : C 1 ⊂ C 1 → C 0 is surjective and it follows that d 1 : (C 1 ) ⊂ C 1 → C 0 is at least surjective on π 0 . As C is locally fibrant, this map is also a fibration and we conclude that the map is actually surjective, that is, every object is the target of an equivalence. So C is weakly unital.
If P is weakly unital, then it sends π 0 C 1 into π 0 D 1 , and hence P sends π 0 (C ) 1 into π 0 (D 1 ) . Therefore P is weakly unital.
Next we prove (ii). If P is a cartesian fibration, then the map
is surjective. We note that the pull-back in the target is a homotopy pull-back. Under the zigzag of weak equivalences, this map corresponds to the map
where the pull-back in the target is also a homotopy pull-back. We conclude that the map (P , d 0 ) is surjective on π 0 . But the map is a Serre fibration because P is a Reedy fibration, so it is even surjective. This translates back to saying that P is a cartesian fibration. The statement for cocartesian fibrations holds by the dual argument.
Now, the following allows to translate the weakly unital semi-Segal setting into the setting of simplicial sets.
Lemma 3.9. Let P : C → D be Reedy fibration of Reedy fibrant semi-Segal spaces. Then, (i) P δ is an inner fibration between inner fibrant semi-simplicial sets. (ii) If f ∈ C 1 is P -cartesian (in the Segal sense), then it is also P δ -cartesian (in the quasicategorical sense).
(iii) If P is a (co-)cartesian fibration then so is P δ .
If, furthermore, C, D, and P are weakly unital, then (iv) C δ and D δ admit simplicial structures such that P δ is simplicial. (v) The canonical maps C δ → C and D δ → D realize to weak equivalences.
Proof. It follows from [14, 3.4] that the map
is an acyclic fibration of spaces for each 0 < i < n; therefore it is surjective. But this means that P , and equally P δ , have the right lifting property against all inner horn inclusions, so P δ is an inner fibration. Applying this to the projection D → * shows that D δ is inner fibrant. This shows (i). Part (ii) follows by the same reasoning from [14, 3.6] ; (iii) is a direct consequence of (ii). Let us prove (iv). We first note that every object c admits a homotopy idempotent self-equivalence, in other words, a two-simplex τ , all whose vertices are c, and all whose faces agree and are equivalences. Indeed, if f : d → c is an equivalence, then we can use the cocartesian property of f to find a 2-simplex σ
and u := d 0 f is still an equivalence, for equivalences in semi-Segal spaces are easily seen to satisfy the 2-out-of-3 property. Applying the cocartesian property once more, we obtain a 3-simplex
whose first three faces are σ; its last boundary is then a simplex τ as required. The dual argument works if c is the domain of an equivalence.
By part (ii) a self-equivalence of D (in the Segal sense) is a self-equivalence of D δ (in the quasicategorical sense). Then it follows from the [14, Theorem 1.2] that D δ admits a simplicial structure. Now, since P is weakly unital, any equivalence of C is both P -cartesian and P -cocartesian. Applying the same argument as above in the relative situation, we then see that any object of C admits a 2-simplex, all whose vertices are c, and all whose faces agree and are P -cartesian and P -cocartesian, and which maps under P to the degenerate simplex on c, in the newly constructed simplicial structure. Then it follows from [14, Theorem 2.1] that C δ admits a simplicial structure such that P δ is simplicial.
It remains to prove (v). By definition, D being Reedy fibrant means that each
has a dotted extension, which again means that the restriction map
may be obtained by filling in horns, it follows that evaluation at each vertex
also has the right lifting property against the same set of inclusions. Now it follows from Lemma 3.8 that (3.10) is a weakly unital map of weakly unital semi-Segal spaces; by part (iv) it follows that the induced map
δ may be given a simplicial structure, and still has the right lifting property against the same set of inclusions; therefore realizes to a weak equivalence. In other words, the degree-wise singular construction S * D is homotopically constant in the * -direction, after realizing the semi-simplicial direction of D. It follows that
is an equivalence.
Proof of Theorem 2.7. Applying Lemma 3.7 multiple times, we obtain a level equivalent diagram where all semi-simplicial spaces are Reedy fibrant and all maps are Reedy fibrations. It still satisfies the hypotheses in the statement of Theorem 2.7, by Lemma 3.8. Now, applying (−) δ level-wise at each entry, by Lemma 3.9 we obtain diagram of semi-simplicial sets and inner fibrations, where the right vertical map is a cartesian and cocartesian fibration, and where all terms can be given compatible simplicial structures so that all maps become simplicial; and which becomes equivalent to the old diagram after geometric realization. Therefore the claim follows from Theorem 2.9.
Cobordism categories of k -manifolds
In this section we use the concept of k -manifolds, see Appendix 5. We view always the interval ([a, b] , {a}, {b}) as a 2 -manifold and denote
its the structure of a k + 2 -manifold, whose faces we denote by Instead of giving this (non-unital) category a topology, we view this as the value at [0] of a simplicial category cob d, k ,• . In simplicial level n, an object is a fiber bundle E → ∆ n of smooth k -manifolds, which is fiberwise δ-neatly embedded into ∆ n × R ∞+d−1 k , for some δ > 0. A morphism is a continuous map a : ∆ n → (0, ∞) and a fiber bundle over ∆ n of compact smooth k + 2 -manifolds, fiberwise δ-neatly
for some δ > 0. Here we use the notation
for a space X with a map π : X → ∆ n . Details. By "fiber bundle E → B of smooth k -manifolds" we mean a fiber bundle with a reduction of the structure group to Diff(M ), the diffeomorphism group of the typical fiber, a k -manifold M (see Appendix 5) A fiberwise embedding from one bundle into another is fiberwise smooth and neat if, in local charts, it is given by a continuous map to Emb(M, N ) (again defined as in Appendix 5). Of course, the reduction of the structure group for the bundle ∆ There is an obvious commutative square of functors
where the upper horizontal functor is the inclusion
(using a standard inclusion R → [0, ∞) in the relevant coordinate) on objects and morphisms, and the functor ∂ 1 takes the first boundary on objects and morphisms. The lower left entry denotes the subcategory of cob d−1, k on the empty set and empty morphisms. Actually this is isomorphic to the topological semigroup |S • (0, ∞)| (the geometric realization on the singular construction on the space (0, ∞), semi-group structure by addition). The lower horizontal functor is the inclusion and the left vertical functor sends (W, a) to a. Theorem 4.1. The above square realizes to a homotopy pull-back square. Since Bcob ∅ is contractible, we obtain a fibration sequence
In the case k = 0 this yields the sequence from Theorem 1.1. -To prove this theorem, we will verify the criterion of the local-to-global principle for the functor ∂ 
With S • the singular construction, we have a commutative square (4.2)
where the upper horizontal map is still a Kan fibration because both S . Hence C defines a morphism in cob d, k+1 and we claim that is indeed cocartesian. In other words, we claim that for any object Z of cob d, k+1 , with P := ∂ 1 Z, the diagram
is a homotopy pull-back. We prove the equivalent assertion that the induced map on all vertical fibers
By the special form of Y = X ∪ M W , applying B induces a homeomorphism
The triangle
is commutative by property (iv) of the map B. As [0, a] × Y is a weak unit, the diagonal map is an equivalence, from which we conclude that the horizontal map is an equivalence as well.
This finishes the construction of the cocartesian lifts. It follows that our functor ∂ 1 is also a cartesian fibration, because cob d, k ∼ = cob Tangential structures. Our proof of Theorem 4.1 also has a generalization to cobordism categories with tangential structures. We give the relevant definitions and results and show how to modify the proof. Recall from [4] that a k -space is a P(k)-shaped diagram of spaces, and a k -vector bundle is P(k)-shaped diagram of vector bundles and fiberwise linear maps. 
A k -bundle map f : ξ → η between collared k -bundles is called collared if for each A ⊂ B ⊂ k, the resulting square commutes:
The category of collared k -vector bundles and collared maps is denoted by k -Bun col . The rank of a collared k -vector bundle ξ is defined to be the rank of the ordinary vector bundle ξ(k).
Examples.
(i) The tangent bundle of a neatly embedded k -manifold M ⊂ R n k .
(ii) For a vector bundle ξ over X, there is a canonical extension to a collared k -vector bundle, where ξ(A) is universally characterized by requiring a bijection
which is natural in the vector bundle η.
Now let θ be a collared k -vector bundle of rank d. We define cob θ , the θ-cobordism category of k -manifolds as follows, for simplicity only in simplicial degree 0: A morphism is a morphism W of cob d, k together with a collared bundle map l W : T W → θ. An object is an object M of cob d, k together with a collared bundle map l M : ε ⊕ T M → θ. The source/target of (W, l W ) is (∂ ± W, l ∂±W ), where we identify the tangent bundle of an interval with the trivial bundle ε by sending ∂/∂x to 1.
For a (collared) k + 1 -vector bundle θ, we define: (i) ∂ 1 θ as the first face, viewed as a (collared) k -bundle -that is, restriction along the embedding
(ii) i * 1 θ to be the (collared) k -vector bundle where the first face is omittedthat is, restriction of the diagram along the embedding
Note that the dimension of θ (that is, the dimension of the bundle at the terminal object), does not change under i * 1 , but drops under ∂ 1 by one. Theorem 4.5. For any collared k -bundle, the square
realizes to a homotopy pull-back square. Since Bcob ∅ is contractible, we obtain a fibration sequence
The proof is a modification of the proof of Theorem 4.1, and we will only show how put a θ-structure on the ∂-cocartesian morphism C constructed above from the datum of W and X, provided that W comes equipped with a ∂ 1 θ-structure, and X with a θ-structure. To this end, we first note: Remark 4.6. There are compatible 1-to-1 correspondences:
(i) Between collared k + 1 -bundles ξ, and maps of collared k -bundles of the form ε ⊕ ξ → ξ , and (ii) Between collared k + 1 -maps f : ξ → η and commutative squares of collared k -bundle maps
In technical, and more precise terms, the Remark states that the category k + 1 -Bun col is isomorphic to the category (ε ⊕ −)/ k -Bun col .
Proof. Viewing the cube P(k + 1) as a product P(k) × [1], a k + 1 -bundle ξ may be viewed as a map of k -bundle ∂ 1 ξ → i * 1 ξ. Now we observe that a collar c on ξ determines and is determined by a compatible collection of maps
for i ∈ A ⊂ k. Such a collection may be viewed, in turn, as the datum of a collar both on ∂ 1 ξ and on i * 1 ξ, and a map ε ⊕ ∂ 1 ξ → i * 1 ξ of collared k -bundles. From this description it is clear that a map f : ξ → η is collared if and only if the maps ∂ 1 f and i such that the following diagram commutes:
y y Also, to endow C := B([0, a] × Y ) (notation from above) with a θ-structure compatible with the given structures on X and W , it is enough to construct a collared bundle map l C : i * 1 T C → i * 1 θ, extending l X and such that the following square is commutative:
We form the pushout To rectify this, choose ε > 0 so small that both W and X are ε-neatly embedded, and that the ε-neighborhoods around p 1 and p 2 in R 2 2 are contained in the region where B is specified by property (iii) above. Then choose a continuous map
which is the identity except in the ε-neighborhoods of p 0 and p 1 , and define a map of ordinary vector bundles
is a collared k -bundle map (after forgetting the faces given by the equations x = 0 and y = 0) and restricts to a collared k -bundle map where the addition upper index ε indicates that we only consider those morphisms that are ε-neatly embedded at the non-smooth points of Φ -this change does not affect the homotopy type, provided ε is small enough. Then, the argument continues as above. (This (k + 1)-ad structure is compatible with the manifold structure in a suitable way, giving R n k the structure of a k -manifold, see [6] or [4] ). We denote as usual, for A ⊂ k = {1, . . . , k}, the value of the (k + 1)-ad R n k at A, given by Now we show that the map α : Aut(R n k ) → Aut(∂R n k ) also has a local section. To this end, we note that if some φ ∈ Aut(∂ i R n k ) had the property that it restricts to the identity on some other face ∂ j R n k , then so does the mapŝ i (φ) constructed above. Therefore, if we locally define maps σ i : Aut(∂R n k ) ⊃ U i → Aut(R n k ), i ∈ k, iteratively by
then we iteratively see that σ i (φ) restricts to φ over the first i faces, so that σ k defines a local section as required. Since, for any A ⊂ k, we have R n k (A) = R n−k+|A| |A| , the above shows that the restriction map Aut(R n k (A)) = Aut(R n k (σ A )) → Aut(R n k (∂σ A ) has a local section. But now, in the general case, the inclusion X → Y may be factored into inclusions each of which fills in precisely one simplex, and therefore has a local section. Composing these local sections defines a local section s as required in the general case.
Step 2. We show that the map from the left upper corner to the pull-back of the remaining diagram admits a local section. As in step 1, one reduces to the case where X is the simplex spanned by k, and Y its boundary; so we need to show that the map Aut(R ; ∂) on diffeomorphism group and embedding space relative boundary has a local section. As the behaviour near the boundary is standard, we can smooth corners out. But then the argument from [7] guarantees the existence of a local section.
Step 3. Taking Y = ∅ in Step 2, we conclude that the upper (hence also the lower) horizontal map is a Serre fibration; as well as the diagonal map. But then it easily follows that the right vertical map is also a Serre fibration.
